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Abstract
In this paper, by applying analytical method and using experi-
mental method data, the effect of sliding velocity on friction 
coefficient for contact of copper with copper is investigated. 
Some equations for obtaining friction coefficient as a func-
tion of sliding velocity for contact of copper with copper by 
applying second analytical method and using experimental 
method data are achieved. The results have shown, for each 
duration of rubbing, the existence of an exclusive equation for 
friction coefficient. The friction coefficient functions that are 
achieved by second analytical method are shown as a curve 
that indicates specific friction coefficient for each sliding veloc-
ity. Friction coefficient can be used to obtain friction force and 
stress in contact region of materials. In order to have a suit-
able design, the amounts of stress and friction force in contact 
region are required.
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1 Introduction
It seems that friction is an undeniable phenomenon in con-
tacting materials. So in this paper, by obtaining friction coef-
ficient equations as a function of sliding velocity, the effect of 
sliding velocity on friction coefficient is investigated. Friction 
coefficient is used to obtain friction force and stress in contact 
region of materials. Friction force and stress are necessary to be 
considered for designing contacting materials. In order to obtain 
friction models, until now, many approaches are developed.
The detailed analysis of the modeled friction dynamics and 
its properties provided by Armstrong-Helouvry and Chen [1]. 
Al-Bender and Swevers mentioned several advanced, empiri-
cally motivated friction models widespread in the system and 
control community [2]. The novel two-state dynamic friction 
model with elasto-plasticity was presented by Runderman and 
Bertman and further evaluated on two different experimental 
systems [3, 4]. An enhanced friction modeling for steady-state 
rolling tires is submitted by Rene van der Steen [5]. Surface 
topography modeling for reduced friction is provided by 
Sedlacek et al. [6]. The modified Maxwell-slip model of pre-
sliding friction is presented by Runderman and Bertman [7]. 
The effect of normal load and sliding velocity on friction coeffi-
cient is submitted by Chowdhury et al. by applying experimental 
method [8]. Also, Numerical and experimental study of frictional 
behavior in bending under tension test is provided by Hirpa et al. 
[9]. Moreover, frictional contact FE analysis in a railway wheel-
rail contact, is presented by Zwierczyk and Varadi [10].
Experimental and analytical methods for obtaining friction 
coefficient in contacting materials are available, but it seems 
developing new equations or models for friction coefficient as 
a function of sliding velocity for different materials are still 
required.
In this paper, by applying two kinds of analytical method 
and using experimental method data, the effect of sliding 
velocity on friction coefficient for contact of copper with cop-
per is investigated. Some equations or models of friction coef-
ficient as a function of sliding velocity at each duration of rub-
bing (DOR) are achieved. Finally, the results of both analytical 
methods are compared.
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2 Experimental method
2.1 Experimental results
Table 1 indicates the results of experimental method data 
[8]. As it is shown in the Table 1, friction coefficient in contact 
of copper with copper at different sliding velocities and differ-
ent duration of rubbings are shown. The numerical values of 
minimum and maximum friction coefficient for contact of cop-
per with copper that are indicated in Table 1, are respectively, 
µs = 0  and  µm = 0.153. These data are used in both analytical 
methods to obtain the numerical value of friction coefficient 
while the sliding velocity is changing [5]. In Table 1, for each 
DOR, three friction coefficients at three sliding velocities are 
indicated. It is obvious that for three distinct points, there is a 
possibility of existing one exclusive curve. So, for each three 
points (x = sliding velocity and y = friction coefficient), there 
is a special curve. In this paper, by using these three points for 
each DOR, one friction coefficient function is achieved. These 
functions are shown in Table 5. 
Table 1 Friction coefficient at different sliding velocities by using experimental 
method data (normal load: 15 N, relative humidity: 70 %) [8].
Material pairs Copper-copper
Sliding velocity, (m/s) 1 2 3
Time, (min) Friction coefficient
0.0 0.000 0.000 0.000
0.5 0.090 0.112 0.137
1.0 0.095 0.118 0.142
2.0 0.100 0.125 0.149
3.0 0.105 0.131 0.153
4.0 0.110 0.134 0.153
5.0 0.113 0.134 0.153
2.2 Calculation
In this section, by applying Table 1, the following method is 
used to obtain the average friction coefficient at different DOR. 
The results are shown in Table 2.
Table 2 Average friction coefficient at 0, 0.5, 1, 2, 3, 4, and 5 min durations
of rubbing at different sliding velocities by using experimental method data 
(normal load: 15 N, relative humidity: 70 %).
Material pairs Copper-copper
Sliding velocity, (m/s) 1 2 3
µAverage
Average friction coefficient at 0, 0.5, 1, 2, 
3, 4, and 5 min duration of rubbing, (-)
0.0876 0.1077 0.1267
2.3 Experimental condition
Table 3 shows the experimental condition used to obtain the 
results in Table 1 [8].
Table 3 Experimental condition using a pin on disc apparatus [8].
No. Parameters operating Conditions
1. Normal load 15 N
2. Sliding velocity 1, 2, 3 m/s
3. Relative humidity 70 (±5)%
4. Duration of rubbing 10 minutes
5. Surface condition Dry
6. Material pair (disc – pin) Copper-copper
3 First analytical method
In this part of paper, the equations for obtaining the first 
friction coefficient model as a function of sliding velocity is 
introduced. Then, by using material properties and experimen-
tal method data related to copper, the mentioned equations are 
solved [5, 8]. In Figure 1, the model used to obtain the first 
analytical method is illustrated.
Fig. 1 A cylinder sliding on the substrate in contact region 
with radius, R, velocity in x direction, V, angular velocity, 
W, normal load, P, and half of the contact length, a.
In Eq. (1),  µs  is the friction coefficient,  µm  is the maximum 
friction coefficient,  h0  is a dimensionless parameter reflecting 
the length of speed region that friction coefficient is varying 
in it. vs is the sliding velocity at  µs , and  vs,max  is the sliding 
velocity at  µm  [5]. 
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By applying numerical values of mentioned unknown quan-
tities in the Eq. (1), numerical value of friction coefficient as 
a function of sliding velocity can be obtained. It is noticeably; 
(1)
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sliding velocity is equal to zero in stick region that materials 
are stuck together, so the Eq. (1) changes to Eq. (2).
µ µvS s( ) = .
For obtaining Eq. (1), at first, obtaining  vs  and   vs,max  is nec-
essary. In order to obtain  vs  and  vs,max ,  Eqs. (6) and (7) are 
used [11]. By substituting Eqs. (4) and (5) into the Eq. (3), the 
Eqs. (6) and (7) are obtained.
v
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In Eq. (3),  V  is the velocity in x direction.  ζ  is the creep ratio 
between contacting materials that is defined in Eq. (5) [12]. 
In Eqs. (3) and (4),  ∂ux / ∂x  is the strain in  x  direction. In 
Eq. (4),  h  is the indentation of cylinder into the substrate,  ν  is 
the Poisson ratio,  a , is half of the contact length in contact of 
cylinder with substrate,  µ  is the friction coefficient, and k is 
a parameter reflecting the material properties of the substrate. 
While  k → 1, the substrate is elastic and while   k → 0, the 
substrate is homogeneous [13].
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In above equations,  W  is the angular velocity of the cylinder 
that is sliding on the substrate, and R is the cylinder radius. 
In the following equations,  β,  Ik , and  Jk  are the parameters 
reflecting the material properties that are used to obtain a, in 
Eq. (11) [13]. By substituting the Eqs. (6) and (7) sequentially 
instead of vs and vs,max  into the Eq. (1), the Eq. (13) is obtained.
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In Eq. (11),  P  is the normal load,  Ґ  is a function that defines 
the substrate stiffness ratio, and  E0  is the substrate elastic 
modulus [11, 13].
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By using the first analytical method and experimental method 
data (µs = 0 and µm = 0.153), with material properties of cop-
per, the indicated results of variation of friction coefficient with 
sliding velocity are shown in Table 4 [5].
Table 4 The variation of the friction coefficient with sliding velocity 
by applying the first analytical method and by using experimental 
method data for copper material properties.
(P = 15 (N), relative humidity: 70 %, ν = 0.355, E0 = 1/17e11 (N/m2), 
Ik = 0.3489, Jk = 0.3241, β = 1.0219, k = 0.1, h = 0.0053 (m),
a = 0.0178 (m), Ґ = 1, R = 0.3 (m), h0 = 1).
µs,
(-)
µm,
(-)
V,
(m/s)
W,
(rad/s)
Vs,
at middle of 
contact zone, (m/s)
µ(vs)average,
(-)
0 0.153 27.8 92.6 0.000 0.0000
0 0.153 27.7 92.6 0.078 0.0840
0 0.153 27.0 926 0.778 0.1385
0 0.153 26.0 92.6 1.778 0.1505
0 0.153 25.0 92.6 2.778 0.1521
0 0.153 24.0 92.6 3.778 0.1525
0 0.153 23.0 92.6 4.778 0.1527
0 0.153 22.0 92.6 5.778 0.1528
0 0.153 21.0 92.6 6.778 0.1529
0 0.153 20.0 92.6 7.778 0.1529
0 0.153 19.0 92.6 8.778 0.1529
0 0.153 18.0 92.6 9.778 0.1529
0 0.153 17.5 92.6 10.278 0.1530
0 0.153 17.0 92.6 10.778 0.1530
0 0.153 10.0 92.6 17.778 0.1530
(2)
(3)
(4)
(7)
(8)
(9)
(5)
(6)
(10)
(11)
(12)
(13)
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4 Second analytical method
In this part of the presented paper, obtaining a friction coeffi-
cient function by applying second analytical method and using 
experimental method data in Table 1 at different sliding veloci-
ties (1, 2, and 3 m/s) and 0.5 min DOR for contact of copper 
with copper is explained.
4.1 Calculation
By applying Eq. (14), an equation for friction coefficient as 
a function of sliding velocity can be obtained.
µ = ( ) + +b v cv ds s
2
.
In Eq. (14), b, c, and d, are the unknown quantities and  vs  is the 
sliding velocity. By applying the data in Table 1, the numeri-
cal values of b, c, and d can be obtained. At 0.5 min DOR in 
Table 1, there are
point no. , , . ,1 1 0 09v vs s= ( ) =µ
point no. , , . ,2 2 0 112v vs s= ( ) =µ
point no. , , . .3 3 0 137v vs s= ( ) =µ
As a result of the points number 1, 2, and 3 (three boundary 
conditions), Eqs. (15), (16), and (17) are obtained.
0 09 1 1
2
. ,= ( ) + ( ) +b c d
0 112 2 2
2
. ,= ( ) + ( ) +b c d
0 137 3 3
2
. ,= ( ) + ( ) +b c d
In Eqs. (15), (16), and (17), b, c, and d are unknown quantities 
that are mentioned in Eq. (14). By solving the three Eqs. (15), 
(16), and (17), the numerical values of b, c, and d, are obtained. 
By substituting the numerical values of b, c, and d into the 
Eq. (14), the Eq. (18) is obtained.
µ v v vs s s( ) = ( ) + ( ) +0 0015 0 0175 0 071
2
. . . .
Equation (18) is a friction coefficient function for 0.5 min 
DOR in contact of copper with copper. The above solution is 
an example of applying second analytical method. In Table 5, 
by applying the presented analytical solution and using data in 
Table 1, friction coefficient functions for 0.5, 1, 2, 3, 4, 5, and 
average minutes duration of rubbing are indicated.
5 Results and discussions
In Table 4, the results of friction coefficient for first analyti-
cal method by using material properties of copper are shown. 
As it is obvious in Table 4, with increasing the sliding velocity 
from zero to the numerical value of almost vs = 3.7447 (m/s), 
the friction coefficient increases. For the numerical values 
more than vs = 3.7447 (m/s), the friction coefficient increases 
in a very low amount and is almost constant. But in Table 5, 
that is achieved by using the experimental method data and the 
second analytical method, for the numerical values more than 
vs = 3.7447 (m/s), the numerical value of friction coefficient is 
not constant. 
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Fig. 2 The comparison of the friction coefficient variation with sliding 
velocity between first and second analytical method.
Table 5 Friction coefficient equations as a function of sliding velocity 
at different durations of rubbing by using experimental method data 
and applying the second analytical method (material pairs: copper-
copper, normal load: 15 N, relative humidity: 70 %)
Eq no. Material pairs Copper-copper
(18)
Friction coefficient 
function at 0.5 min DOR
0.0015vs2 + 0.0175vs + 0.071
(19)
Friction coefficient 
function at 1 min DOR
0.0065vs2 - 0.0025vs + 0.091
(20)
Friction coefficient 
function at 2 min DOR
-0.0005vs2 + 0.0265vs + 0.074
(21)
Friction coefficient 
function at 3 min DOR
-0.002vs2 + 0.032vs + 0.075
(22)
Friction coefficient 
function at 4 min DOR
-0.0025vs2 + 0.0315vs + 0.081
(23)
Friction coefficient 
function at 5 min DOR
-0.0005vs2 + 0.0215vs + 0.093
(24)
Average friction coefficient 
function at 0, 0.5, 1, 2, 3, 4, 
and 5 min DOR
-0.00055vs2 + 0.02175vs + 0.0664
(18)
(15)
(16)
(17)
(14)
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Table 6 Comparison of friction coefficient variation with sliding
velocity between first and second analytical method.
vs,
 sliding 
velocity,
(m/s)
µaverage,
Average friction coefficient 
obtained by first analytical 
method,
 (-)
µAverage,
Average friction 
coefficient obtained by 
second analytical method,
(-)
0.0000 0.0000 0.0664
0.0778 0.0840 0.0681
0.7778 0.1385 0.0830
1.7778 0.1501 0.1033
2.7778 0.1521 0.1226
3.7778 0.1525 0.1407
The results achieved by second analytical method have shown 
increase of friction coefficient with increasing the sliding veloc-
ity, but this increasing may change into decreasing in higher 
numerical values of sliding velocities and is not constant at all.
6 Conclusions
It is obvious that regarding to Table 4, while sliding velocity 
of contacting copper increases, friction coefficient as a function 
of sliding velocity tends to the numerical value of maximum 
friction coefficient (µm ). 
 For each material pairs that are in contact, there is a fric-
tion coefficient as a function of sliding velocity. The results 
of friction coefficient equations have shown that functions are 
totally distinctive at different durations of rubbing. So, in the 
second analytical method, for different durations of rubbing of 
contact between specified materials, different functions of fric-
tion coefficient are required. It is expected that applying these 
results contribute to different concerned mechanical designs 
and processes. This fact is possible because friction coefficient 
can be used to obtain friction force and friction stress in contact 
region of materials.
For the future work, it is reasonable to apply more experi-
ments to derive friction coefficients for other amounts of slid-
ing velocities for different materials that are in contact. This 
is significant because it can contribute to find out that which 
method can express the best model for changing the friction 
coefficient with sliding velocity and to achieve a proper general 
equation to obtain the friction coefficient of different materials.
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